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[image: image1.jpg]Bai I (2,0 diém).

1) Cho cic s a,b,c khc 0 théa man ab+bc+ca=0. Tinh gid tri biéu thuc:

2) Tim tt ca céc cap 56 nguyén duong (X, y) thoa man :
2 2
X +yx-y+1)-(x-1y=22.

Bai I (3,0 diém).
1) Giai phuong trinh: Jx+6+x>=7—-x~-1.
2x(x=D)+(y=1)(2y+1)=0
2) Gidi hé phuong trinh: (=1)(2y+1)
2y" +2x+y+1=6xy
Bai III (1,0 diém).

Cho a,b,c 1a céc sé thyc duong. Chimg minh ring:
a*—bc b’ —ca ¢ —ab
2 2 2 + 2 2 2 + 2 2
2a°+b"+c¢” 2b°+c +a” 2c+a +b

Bai IV (3,0 diém).

Cho dudng tron (O, R), diy BC cé dinh va BOC =120°. Diém A di déng trén
cung 16n BC sao cho A ABC nhon. Hai duong cao BM va CN cét nhau tai H. Goi D 1a
diém déi xing véi B qua M va E 1a diém déi ximg vdi C qua N. Puong tron (Oy; R))
ngoai tiép A ABD va duong tron (O,; R,) ngoai tiép A ACE cit nhau tai diém thi hai K.

1) Chitng minh ring tir gidc BHCK ndi tiép.

2) Chung minh ring MN // 0,0, va ba diém E, B, K thing hang.

1
+
KB* KC?

3) Tim vi trf ctia diém A sao cho nho nhét.

Bai V (1,0 diém).

Cho 2<a,<a, <a, <..<a,; 201614 15 s6 ty nhién d6i mot nguyén td ciing nhau.
Chimg minh ring trong 15 s6 tw nhién d6 ludn tdn tai it nhit mot sé nguyén t.
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Ta cé: ab+bc+ca:0:>—+z+_:0

0,25

0,25
0,25

Tim tét cd cdc cdp s6 nguyén dwong (x, y) théa man :
x2+y2(x—y+1)-(x—1)y=22.

Vix, y la cac s0 nguyén duong nén x — y

1,0
X+y(x—y+1)-(x-1y=22
ex —xy+y+y(x-y+1)=22
S -xy+x)-(x-y+ D+y(x-y+1)=21
2 1y=
S x-y+Hx+y -1)=21 025

cua 21.
x-y+1 1 21 3 7
x+y' -1 21 1 7 3
V+y-2 20 =20 4 -4
y X X 2 X 0,5
X X X 4 X
Vay c¢6 mdt cap nguyén duong (x, y) thoa man phuong trinh dau bai la (4;2). | 0,25
I 3.0
Gidi phuwong trinh: Jx+6+x>=7-+x 15
PK: x2>1
0,5
__________ Taco: Jx+6-2+x —4+yx-1-1= 0 R
x—=2
+(x=2)(x+2) +———m— 0,5
Jx+6)? +2x+6+4 \/ 1
x=2 (TM)
= 1

+\-+2+;=0 (0]

Jov6y +23xv6+4 Vx—1+1

De thay phuomg trmh (1) v0 nghlem do VT ludn duong Vx =1





[image: image3.jpg]2x(x=D+(y-1)(2y+1)=0

Gidi hé phwong trinh:
2y* +2x+y+1=6xy

L5
237 +2y* =2x+y+1 (
H¢ phuong trinh twong duong voi i o
2y* +2x+y+1=6xy (2)
Thay 2x +y + 1 = 2x* +2y” tir phwong trinh (1) vao phuong trinh (2) ta c6:
234y =6ay & X —3y+2y =0e| " D
X =6xy - 2=
Yy =6xy y+2y w3y 0.5
Véi x = ysuy ranghiém: (1;1), (_Tl _71) 0,5
+
Véi x=2ysuy ra nghiém: 5_\/5,5 £765 0,5
10 20
I - 2 -
Chimg minh rang. 8 —he ,b ,Ca g —ab >0
2a°+b*+c° 2b°+c +a- 2c’+a +b° 1,0
Ta cé: fr_,bc -+ ,lf_,ca ~+ & —ab 520
28 +b* +c* 207 +cP+at 2ch+ad’+b
2_ . 2_ . 2
2:1 72bc7_1+ 2)17 72((17_1_'_ 275 72(1177_12_3
2a"+b"+c* 2b” +c +a’ 2¢"+a” +b*
(b+c)” - (c+a)' 4 (a+b)' <3
28° +b*+c* 20+t +d’ 2 +dt+ b’ 0,25
Ap dung bat dang thuc Cauchy-Schwarz :
LA S ) S NS S 1.
a+b* @t +c? 2aP+bP+cP b +c® b +a 2b +c +a
a’ + b’ > (a+Db)’ _
c+dd A+ 2 +d +b 0,25
Suy ra:
(b+c)’® - (c+a) N (a+b)’
28 +b*+c* 2b*+ P +at 2 +at+ bt
bz+cz+cz+az+az+b2_3
T dP+b dP b+t b rd A +d A+ 0,25
Vay ta cé dpecm. Dau “=" xayrakhia=b=c 0,25
v 3,0

1. Chitng minh rang tir gidc BHCK ngi tiép.

10




[image: image4.jpg]Tacé BOC =120° = BAC = 60"
= ABM = ACN =30" vi BHC =120°.

0,25

Xét (0,) tacé AKB=ADB ma ADB = ABD (A ABD can tai A)
= ADB=30"= AKB=30".

0,25

Chtng minh tuong tu ta cé AKC =30,
= BKC = AKB+ AKC =60°

0,25

= BKC +BHC = 60" +120° = 180"
= Tir gidc BHCK ndi tiep

0,25

2. Chimg minh rang MN // 0,0, va ba diém E, B, K thing hang.

1,0

Vi 0,0, L AK nén ta s¢ chung minh MN L AK.
Ké tiép tuyén At ciia (O) tai A. Tacé AMN = ABC (Ciing bi véi MNC)

Ma ABC =1AC = AMN =1AC = At// MN ma OA L At = MN L OA.

Béy gio ta s& di chimg minh cho A, O, K thing hang.

0,25

Theo trén ta c6 AKB = AKC =30° = AK la phan gide BKC (1)
Tac6 BOC+AKC =120° +60° = 180"

= T gidc BOCK ndi tiép.

Vi OB = OC va tir gidc BOCK ndi tiép = OKB = OKC

= KO 1a phan gidc BKC ~ (2)

Tu (1) va (2) suy ra A, O, K thang hang

0,25

Ma MN 1L OA = MN L AK.
Talai ¢c6 0,0, L AK = MN // 0,0,

0,25




[image: image5.jpg]Ta c6 EBC = 2ABC = AOC va CBK = KOC

= EBC+CBK = AOC +COK = AOK =180°

= E, B, K thing hang. 0,25
3. Tim vj tri ciia diém A sao cho : >+ : 5 nhé nhit.
KB*  KC 1,0
Ké KQ L BC va goi I 1a giao diém ciia AK va BC. Ta c6
S prck :%BC(0P+ KQ) S%BC(OI +KI) :%BC.OK
Vi BHOCK ndi tiép va A BHC va A ABC c6 ban kinh dudng tron ngoai tiép
bang nhau nén BHOCK ni tiép dudng tron ban kinh R = OK < 2R. 0,25
= Spex _EBC0K< ZRIZR R*3
R 1 R
Miit khdc Sy = R\f —KB.KC.sin60° = ‘f ‘F X2 KBKC<R3
2 2 0,25
= KBKC<3R’= 12+ L -2 2, 2
KB° KC- KB.KC 3R 0,25
:>min[ ]2+ lzj: 2, OK=2R,P=,Q=1oAABCdu= Al
KB~ KC 3R* 0,25
diém chinh giita cung AB.
C]z ung minh rang trong 15 so tw nhién do luén ton tai it nhat mot so nguyén
t0. 1,0
Phan chimg gid sur 15 56 tw nhién d6 déu 1a hop 56. Do 2016 <2209 =47> nén 0,25
mdi sb t nhlen d6 déu c6 mot uoc nguyen t6 nho hon 47.
G01 [7 1a uée nguyen t6 clia a4, Pi< 47. Do c6 tht ca 14 s6 nﬂuyen ténhohon | 0,75

47 nén theo nguyén 1y Dirichlet ton tai i = j ma p;=p,;-Suy ra g, va a,khong

nguyén td cung nhau, mau thudn voi gid thiét.
Viy trong 15 s6 ty nhién d6 ludn ton tai it nhit mot s6 nguyén t.





